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Abstract
We study four dimensional quantum gravity formulated as a certain
conformal field theory at the ultraviolet fixed point, whose dynamics is
described by the combined system of Riegert-Wess-Zumino and Weyl ac-
tions. Background free nature comes out as quantum diffeomorphism
symmetry by quantizing the conformal factor of the metric field non-
perturbatively. In this paper, Minkowski background M4 is employed in
practice. The generator of quantum diffeomorphism that forms conformal
algebra is constructed. Using it, we study the composite scalar operator
that becomes a good conformal field. We find that physical fields are de-
scribed by such scalar fields with conformal dimension 4. Consequently,
tensor fields outside the unitarity bound are excluded. Computations of
quantum algebra on M4 are carried out in the coordinate space using
operator products of the fields. The nilpotent BRST operator is also
constructed.
1E-mail address: hamada@post.kek.jp; URL: http://research.kek.jp/people/hamada/
1 Introduction
To break the wall of the Planck scale, the background free nature of space-
time will be necessary. Indeed, at the epoch beyond the Planck energy scale,
spacetime fluctuations will be so great and geometry loses its classical mean-
ing. It simply means that there is no fixed scale and no special point in space.
Therefore, the problem that a particle excitation with the mass over Planck
scale becomes a black hole2 can be avoided basically because such a standard
description of particles propagating on a classical background itself breaks down.
Thus, the background free nature will throw light on the unitarity problem in
gravity.
To be background free, gravity should be quantized nonperturbatively. Two
dimensional quantum gravity, known as the Liouville theory, indeed realizes
such a background free picture as conformal symmetry by quantizing the con-
formal factor of the metric field exactly [1, 2, 3]. The four dimensional counter
model is known to be described by the Riegert-Wess-Zumino action [4], which
is quantized in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. The background free model
we will study is given by the ultraviolet (UV) limit of renormalizable quantum
gravity that is formulated on the basis of conformal gravity incorporating this
action systematically [9, 13, 15].
The model is characterized by how to decompose the metric field into the
conformal factor e2φ and the traceless tensor field hµν , where we call φ the
Riegert field. The former is quantized nonperturbatively without introducing
its own coupling constant, while the latter is handled by the perturbation theory
as
gµν = e
2φ(gˆeth)µν = e
2φ (gˆµν + thµν + · · ·) , (1.1)
where tr(h) = hµµ = 0 and gˆµν is the background metric. t is the dimensionless
coupling constant indicating asymptotic freedom [9, 13].3 The expansion by t
represents the perturbation from quantum spacetime fully fluctuating under the
restriction that the Weyl tensor vanishes.
We here consider the model at the UV fixed point of t = 0, where exact
conformal symmetry comes out as a part of quantum diffeomorphism invariance,
namely, background metric independence, realized by taking the sum over all
possible conformally flat configurations.4
2The Compton wave length, which represents a typical size of particle, becomes smaller
than the Schwarzschild radius, and thus its information will be lost.
3This perturbation theory is characterized by the condition that the Riegert field φ does
not receive renormalization at all orders of the perturbation.
4It should be distinguished from the invariance under the Weyl rescaling. Throughout
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The background metric can be chosen arbitrary so long as it is conformally
flat. Indeed, in the previous papers [7, 10, 11, 12, 14], the model have been stud-
ied on the curved background R × S3, which has various advantages such that
structure of conformal algebra and analysis of physical states become similar to
the cases of the Virasoro algebra on R × S1. In this paper, we reconsider the
model by employing the Minkowski background M4. The advantages of using
this background are that it is familiar to most of the researchers in this area and
physical field operators become easier to handle compared with those defined
on the curved background.
The aim of these studies is to clarify physical properties of the field from
the viewpoint of symmetry. The fact that conformal symmetry originates from
diffeomorphism symmetry, namely, gauge symmetry, is significant for unitarity,
because it means that conformally variant fields are excluded from physical
fields. Consequently, physical fields are described as spacetime volume integrals
of scalar fields with conformal dimension 4, while fields with tensor indices are
excluded.5
This paper is organized as follows. We briefly summarize the model in the
next section. In section 3, we quantize the Riegert-Wess-Zumino action and
construct the generator of conformal symmetry on M4. In section 4, we study
the transformation laws of the Riegert field and its exponential function, and
then discuss the condition for physical fields. The proof that the generator
indeed forms conformal algebra at the quantum level is given in section 5. The
Weyl action is quantized in section 6. The generator of conformal symmetry and
the transformation laws of traceless tensor fields are studied there. In section 7,
we study quantum diffeomorphism symmetry in the context of the Becchi-Rouet-
Stora-Tyupin (BRST) formalism [23, 24, 25]. The nilpotent BRST operator is
constructed and physical field conditions are rewritten in terms of the BRST
operator. Section 8 is devoted to conclusion.
2 The Model
In this section, we briefly review the model of four dimensional quantum
our works, we respect diffeomorphism invariance. Therefore, conformal anomalies [16, 17,
18] appear as indispensable elements to preserve diffeomorphism invariance. The coupling t
measures a degree of deviation from conformal symmetry. With the increase of it, spacetime
will make a transition from quantum phase to classical Einstein phase dynamically [19, 20,
21, 22, 15].
5This result is consistent with astrophysical observations that scalar fluctuations with
power-law spectra are dominant in the early universe.
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gravity we will study. The action and the gauge symmetry of the model are
summarized.
2.1 The Action
The perturbation theory about configurations with vanishing Weyl tensor
(1.1) is defined by the Weyl action divided by the square of the coupling constant
as I = −(1/t2) ∫ d4x√−gC2µνλσ . The path integral over the metric field is
described as
Z =
∫
[dg]g exp(iI) =
∫
[dφdh]gˆ exp(iS + iI). (2.1)
Here, S is the Wess-Zumino action induced from diffeomorphism invariant mea-
sure [dg]g. It is necessary to preserve diffeomorphism invariance when we rewrite
the path integral using the practical measure defined on the background metric
[dφdh]gˆ.
We here consider the UV limit of t→ 0 indicated by the asymptotically free
behavior of the coupling [9, 13]. The Weyl action then becomes quadratic in
the traceless tensor field and the induced action S is given by the Riegert-Wess-
Zumino action [4],
SRWZ = − b1
(4π)2
∫
d4x
√
−gˆ
{
2φ∆ˆ4φ+
(
Gˆ4 − 2
3
∇ˆ2Rˆ
)
φ
}
, (2.2)
where G4 is the Euler density and
√−g∆4 is the conformally invariant fourth-
order differential operator for a scalar variable defined by ∆4 = ∇4+2Rµν∇µ∇ν−
2R∇2/3 + ∇µR∇µ/3 and ∇2 = ∇µ∇µ. The coefficient b1 has the physically
right sign of positive.6 This action is the four dimensional analog of the Liouville
action in two dimensional quantum gravity.
In the following, the background metric gˆµν is taken to be the Minkowski
metric ηµν = (−1, 1, 1, 1). The spacetime coordinate is described by xµ = (η, xi)
and x2 = xµx
µ = −η2 + x2. The d’Alembertian is denoted by ∂2 = ∂λ∂λ =
−∂2η + |∂2, where |∂2 = ∂i∂i is the Laplacian of three dimensional space.
2.2 Gauge Symmetry
Under the metric decomposition (1.1), diffeomorphism defined by δξgµν =
gµλ∇νξλ + gνλ∇µξλ is decomposed into the transformations of Riegert and
6It has been computed to be b1 = (NX+11NW /2+62NA)/360+769/180, where NX , NW ,
and NA are numbers of scalar fields, Weyl fermions, and gauge fields, respectively [16, 17, 18],
and the last term is the loop correction obtained by quantizing the Riegert-Wess-Zumino and
Weyl actions [6, 8].
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traceless tensor fields as
δξφ = ξ
λ∂λφ+
1
4
∂λξ
λ,
δξhµν =
1
t
(
∂µξν + ∂νξµ − 1
2
ηµν∂λξ
λ
)
+ ξλ∂λhµν
+
1
2
hµλ
(
∂νξ
λ − ∂λξν
)
+
1
2
hνλ
(
∂µξ
λ − ∂λξµ
)
+ o(tξh2), (2.3)
where ξµ = ηµνξ
ν .
There are two types of diffeomorphism symmetry at the vanishing coupling
limit. The first is the well-known gauge symmetry that the kinetic term of the
Weyl action has. Introducing the gauge parameter κµ = ξµ/t and taking the
limit t→ 0 with κµ fixed, the diffeomorphism is expressed as
δκhµν = ∂µκν + ∂νκµ − 1
2
ηµν∂λκ
λ (2.4)
and δκφ = 0. This gauge symmetry will be fixed completely by taking the
radiation gauge, which will be discussed when the Weyl action is quantized in
section 6.
The second is the conformal symmetry we will study in this paper. It is the
residual diffeomorphism symmetry in the radiation gauge with a gauge param-
eter ξµ = ζµ satisfying the conformal Killing equation,
∂µζν + ∂νζµ − 1
2
ηµν∂λζ
λ = 0. (2.5)
Since the lowest term of the transformation of hµν (2.3) vanishes in this case,
the second term becomes effective. Thus, we obtain [12]
δζφ = ζ
λ∂λφ+
1
4
∂λζ
λ
δζhµν = ζ
λ∂λhµν +
1
2
hµλ
(
∂νζ
λ − ∂λζν
)
+
1
2
hνλ
(
∂µζ
λ − ∂λζµ
)
. (2.6)
The kinetic term of the Weyl action becomes invariant under this transformation
without taking into account self-interaction terms. The transformation δζ is
a conformal transformation considering quantum gravity as a quantum field
theory on M4.
Although the residual gauge degrees of freedom are finite, the gauge symme-
try δζ is quite strong because the right-hand sides of (2.6) are field-dependent
so that the transformations mix all modes in the fields. Thus, these modes
themselves are not gauge invariant, including ghost modes.
Here, we emphasize that the shift term in δζφ represents that this trans-
formation is of diffeomorphism origin and the Riegert field is not a simple di-
mensionless scalar. This gauge symmetry leads to the invariance under the
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conformal change of the background metric as ηµν → (1 + ∂λζλ/2)ηµν (see also
Appendix A). The background free nature is thus realized as gauge symmetry
quantum mechanically.
The generator of conformal transformation δζ is defined by using the stress
tensor Tµν satisfying the traceless and conservation conditions as
Qζ =
∫
d3xζλTλ0, (2.7)
which is conserved such that ∂ηQζ = 0.
The conformal Killing vectors for translations, Lorentz transformations, di-
latations and special conformal transformations denoted by ζλT,L,D,S are given
by
(ζλT )µ = δ
λ
µ,
(ζλL)µν = xµδ
λ
ν − xνδλµ,
ζλD = x
λ,
(ζλS)µ = x
2δλµ − 2xµxλ. (2.8)
Substituting these 15 vectors into (2.7), we obtain the generators denoted as
follows: Pµ of translations, Mµν of Lorentz transformations, D of dilatations
and Kµ of special conformal transformations,
Pµ =
∫
d3xTµ0,
Mµν =
∫
d3x (xµTν0 − xνTµ0) ,
D =
∫
d3xxλTλ0,
Kµ =
∫
d3x
(
x2Tµ0 − 2xµxλTλ0
)
. (2.9)
These generators form the closed algebra of conformal symmetry.
In the following sections, we explicitly construct the generators of the trans-
formations δζφ and δζhµν from the Riegert-Wess-Zumino and Weyl actions,
respectively. The shift term in δζφ is just generated from the linear term in the
Riegert-Wess-Zumino action.
3 Riegert Field
In this section, we quantize the Riegert field on M4 and then derive the
generator of the transformation δζφ.
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3.1 Canonical Quantization
The Riegert-Wess-Zumino action on M4 is given by −(b1/8π2)
∫
d4xφ∂4φ.
Here, the second term in the action (2.2) vanishes, but it gives crucial contribu-
tions to the stress tensor given later.
The Riegert field is quantized by introducing new variable
χ = ∂ηφ. (3.1)
The Riegert-Wess-Zumino action is then written in the second order form as
SRWZ =
∫
d4x
{
− b1
8π2
[
(∂ηχ)
2
+ 2χ |∂2χ+ ( |∂2φ)2]+ v (∂ηφ− χ)
}
, (3.2)
where v is Lagrange multiplier.
Following the Dirac’s procedure [26], we remove the variable v and its con-
jugate momentum by solving the constraints.7 The phase space then reduces to
the submanifold spanned by four canonical variables χ, φ, and their conjugate
momenta defined by
Pχ = − b1
4π2
∂ηχ,
Pφ = −∂ηPχ − b1
2π2
|∂2χ. (3.3)
The canonical commutation relations are set as
[φ(η,x),Pφ(η,x
′)] = [χ(η,x),Pχ(η,x
′)] = iδ3(x − x′), (3.4)
and otherwise vanishes. The Hamiltonian is given by
H =
∫
d3x :
{
−2π
2
b1
P
2
χ + Pφχ+
b1
8π2
[
2χ |∂2χ+ ( |∂2φ)2]
}
:, (3.5)
where : : denotes the normal ordering.
The equation of motion of the Riegert field is given by ∂4φ = 0, which can
be expressed in terms of the momentum variable as ∂ηPφ = −(b1/4π2) |∂4φ. The
solutions are given by eikµx
µ
and ηeikµx
µ
and their complex conjugates, where
kµx
µ = −ωη + k · x and ω = |k|.
The Riegert field is expanded by using these solutions, which is decomposed
into the annihilation and creation parts as φ = φ< + φ>, where φ> = φ
†
< and
φ<(x) =
π√
b1
∫
d3k
(2π)3/2
1
ω3/2
{a(k) + iωηb(k)} eikµxµ . (3.6)
7The constraints are given by ϕ1 = Pφ − v ≃ 0 and ϕ2 = Pv ≃ 0. The Dirac bracket
is defined by {F,G}D = {F,G}P − {F,ϕa}PC−1ab {ϕb, G}P , where Cab = {ϕa, ϕb}P . The
equation of motion in the constraint system is given by {F,H}D = ∂ηF . The quantization is
completed by replacing the Dirac bracket with the commutator multiplied by the factor −i.
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By substituting this into expressions (3.1) and (3.3), we obtain the annihilation
parts of other field variables,
χ<(x) = −i π√
b1
∫
d3k
(2π)3/2
1
ω1/2
{a(k) + (−1 + iωη)b(k)} eikµxµ ,
Pχ<(x) =
√
b1
4π
∫
d3k
(2π)3/2
ω1/2 {a(k) + (−2 + iωη)b(k)} eikµxµ ,
Pφ<(x) = −i
√
b1
4π
∫
d3k
(2π)3/2
ω3/2 {a(k) + (1 + iωη)b(k)} eikµxµ (3.7)
such that χ = χ< + χ> with χ> = χ
†
< and so on. The commutation relations
for mode operators are then given by the form,
[
a(k), a†(k′)
]
= δ3(k− k′),[
a(k), b†(k′)
]
=
[
b(k), a†(k′)
]
= δ3(k− k′),[
b(k), b†(k′)
]
= 0. (3.8)
The Hamiltonian is given by
H =
∫
d3kω
{
a†(k)b(k) + b†(k)a(k) − 2b†(k)b(k)} . (3.9)
3.2 Generators of Conformal Symmetry
The stress tensor of the Riegert field is given by
Tµν = − b1
8π2
{
−4∂2φ∂µ∂νφ+ 2∂µ∂2φ∂νφ+ 2∂ν∂2φ∂µφ+ 8
3
∂µ∂λφ∂ν∂
λφ
−4
3
∂µ∂ν∂λφ∂
λφ+ ηµν
(
∂2φ∂2φ− 2
3
∂2∂λφ∂λφ− 2
3
∂λ∂σφ∂
λ∂σφ
)
−2
3
∂µ∂ν∂
2φ+
2
3
ηµν∂
4φ
}
. (3.10)
Here, the last two linear terms come from the variation of the second term
in the action (2.2). The traceless and conservation conditions are satisfied
by using the equation of motion as T λλ = −(b1/4π2)∂4φ = 0 and ∂µTµν =
−(b1/4π2)∂4φ∂νφ = 0, respectively.
In terms of four canonical variables, the (00) component is written as
T00 = −2π
2
b1
P
2
χ + Pφχ− Pχ |∂2φ− ∂kPχ∂kφ
+
b1
8π2
(
2
3
χ |∂2χ− 4
3
∂kχ∂
kχ+ |∂2φ |∂2φ− 2
3
∂k |∂2φ∂kφ− 2
3
∂k∂lφ∂
k∂lφ
)
+
1
3
|∂2Pχ + b1
12π2
|∂4φ (3.11)
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and the (0j) component is
T0j =
2
3
Pχ∂jχ− 1
3
∂jPχχ+ Pφ∂jφ
+
b1
8π2
(
4∂jχ |∂2φ− 8
3
∂kχ∂j∂
kφ− 2χ∂j |∂2φ+ 2 |∂2χ∂jφ+ 4
3
∂j∂kχ∂
kφ
)
−1
3
∂jPφ − b1
12π2
∂j |∂2χ. (3.12)
Substituting these components of stress tensor into (2.9), we obtain the
generators of translations as
P0 = H =
∫
d3xA,
Pj =
∫
d3xBj , (3.13)
where the local operators A and Bj are defined by
A = −2π
2
b1
:P2χ : + :Pφχ : +
b1
8π2
(
2 :χ |∂2χ : + : |∂2φ |∂2φ :) ,
Bj = :Pχ∂jχ : + :Pφ∂jφ : . (3.14)
Here, the normal ordering is taken. The generators of Lorentz transformations
are given by8
M0j =
∫
d3x {−ηBj − xjA− :Pχ∂jφ :} ,
Mij =
∫
d3x {xiBj − xjBi} . (3.15)
The generators Pµ and Mµν form the Poincare´ algebra.
The generators of dilatations and special conformal transformations are given
by
D =
∫
d3x
{
ηA+ xkBk+ :Pχχ : +Pφ
}
(3.16)
and
K0 =
∫
d3x
{(
η2 + x2
)A+ 2ηxkBk + 2η :Pχχ : +2xk :Pχ∂kφ :
− b1
4π2
(
2 :χ2 : + :∂kφ∂
kφ :
)
+ 2ηPφ + 2Pχ
}
,
Kj =
∫
d3x
{(−η2 + x2)Bj − 2xjxkBk − 2ηxjA− 2xj :Pχχ :
−2η :Pχ∂jφ : − b1
2π2
:χ∂jφ : −2xjPφ
}
. (3.17)
8Note that although M0j and also D and Kµ have explicit dependence on the time coor-
dinate η, these generators are indeed conserved such that ∂ηM0j = ∂ηD = ∂ηKµ = 0.
8
The generators D and Kµ have the linear terms that generate the shift term of
the transformation δζφ.
4 Conformal Fields and Physical Fields
We first study the transformation properties of the Riegert field and its
exponential function using calculation techniques based on the operator product
expansion (OPE) in the coordinate space. We then discuss the condition for
physical fields.
4.1 Conformal Fields
Consider the operator product among the hermitian operators, and only this
case is considered. The operator product of two hermitian operators A and B
is defined by
A(x)B(y) = 〈A(x)B(y)〉+ :A(x)B(y) : . (4.1)
The singular part, or the two-point correlation function, is given by
〈A(x)B(y)〉 = [A<(x), B>(y)] , (4.2)
where A< is the annihilation part of A and B> is the creation part of B as
defined before. Since : A(x)B(y) :=: B(y)A(x) :, the commutator of A and B
can be expressed as
[A(x), B(y)] = 〈A(x)B(y)〉 − 〈B(y)A(x)〉. (4.3)
Since the second term in the right-hand side is the hermitian conjugate of the
first one such as 〈B(y)A(x)〉 = 〈A(x)B(y)〉†, the commutator vanishes if it is a
real function.
Let us calculate the operator product of the Riegert field. The singular part
is computed as
〈φ(x)φ(x′)〉 = π
2
b1
∫
ω>z
d3k
(2π)3
1
ω3
{1 + iω (η − η′)} e−iω(η−η′−iǫ)+ik·(x−x′)
= − 1
4b1
log
{[−(η − η′ − iǫ)2 + (x− x′)2] z2e2γ−2}
− 1
4b1
iǫ
|x− x′| log
η − η′ − iǫ− |x− x′|
η − η′ − iǫ+ |x− x′| . (4.4)
Here, ǫ is the cutoff parameter to regularize UV divergences. Since the Riegert
field is dimensionless, we also introduce an infinitesimal mass scale z to handle
9
IR divergences.9 The integration is carried out under the condition z ≪ 0, while
the UV cutoff ǫ is finite (see Appendix B). Until all calculations are finished, ǫ
does not take zero.
The singular parts for other field variables are also obtained from the field
operators (3.7), or by differentiating the correlation function (4.4) according to
the definitions of field variables. They are summarized in Appendix C for the
equal-time cases used below. Using these expressions, the canonical commuta-
tion relation (3.4), for instance, can be expressed as
[φ(η,x),Pφ(η,x
′)] = 〈φ(η,x)Pφ(η,x′)〉 − 〈φ(η,x)Pφ(η,x′)〉†
= i
1
π2
ǫ
[(x− x′)2 + ǫ2]2 , (4.5)
where the last term is nothing but the δ-function regularized to be
δ3(x) =
∫
d3k
(2π)3
eik·x−ǫω =
1
π2
ǫ
(x2 + ǫ2)2
. (4.6)
Applying the OPE technique to the composite operators, we obtain the
following formula:
[:AB(x) :, :Cn(y) :]
= n[A(x), C(y)] :B(x)Cn−1(y) : +n[B(x), C(y)] :A(x)Cn−1(y) :
+n(n− 1) {〈A(x)C(y)〉〈B(x)C(y)〉 − h.c.} :Cn−2(y) : . (4.7)
The last term is the quantum correction and h.c. denotes the hermitian conju-
gate of the first term in the bracket. The quantum correction term thus vanishes
if it is real.
Now, we compute the transformation law of the composite operator : φn :.
We first calculate the equal-time commutation relations between this operator
and the local operators that appear in the generators. For the Hamiltonian
density A, we obtain
[A(x), :φn(y) :] = −inδ3(x− y) :χφn−1(y) :
= −iδ3(x − y)∂η :φn(y) : . (4.8)
The δ-function comes from the commutator between φ and Pφ and quantum
corrections vanish due to 〈χ(x)φ(y)〉 = 0 and so on. Here and below, when we
9It corresponds to add a fictitious mass term to the action, which is not gauge invariant
so that the z-dependence should cancel out when we consider physical quantities. Here, note
that the Einstein and the cosmological constant terms cannot be considered to be the mass
term due to the presence of the exponential factor of the Riegert field in our formalism.
10
discuss equal-time commutation relations we do not write the time-coordinate
dependence in field variables for simplicity.
In the equal-time commutator with Bj , the quantum correction survives such
that
[Bj(x), :φn(y) :] = −iδ3(x− y)∂j :φn(y) :
+i
1
2b1
n(n− 1)ej(x− y) :φn−2(x) :, (4.9)
where the function ej(x) denotes the quantum correction, defined by
ej(x) =
1
π2
ǫxj [1− h(x)]
x2(x2 + ǫ2)2
, h(x) =
iǫ
2|x| log
iǫ+ |x|
iǫ− |x| , (4.10)
where h†(x) = h(x) and limx→0 h(x) = 1.
Since the generator of conformal symmetry is time-independent, we can com-
pute commutators between the generators and field operators using equal-time
commutators. From (4.8) and (4.9) and also [:Pχ∂jφ(x) :, :φ
n(y) :] = 0, we find
the commutators for translations and Lorentz transformations to be
i [Pµ, :φ
n(x) :] = ∂µ :φ
n(x) :,
i [Mµν , :φ
n(x) :] = (xµ∂ν − xν∂µ) :φn(x) : . (4.11)
Here, the quantum correction term cancels out. It is shown by using the follow-
ing integral formulae:
∫
d3x ej(x) = 0 due to the odd property under x → −x
and ∫
d3x xiej(x) =
1
3
δij
∫ ∞
0
4πx2dx
1
π2
ǫ[1− h(x)]
(x2 + ǫ2)2
=
1
6
δij . (4.12)
The antisymmetric property of the Lorentz generator is also used.
In the same way, we find that the commutators for dilatations and special
conformal transformations are given by
i [D, :φn(x) :] = xµ∂µ :φ
n(x) : +n :φn−1(x) : − 1
4b1
n(n− 1) :φn−2(x) :,
i [Kµ, :φ
n(x) :] =
(
x2∂µ − 2xµxν∂ν
)
:φn(x) :
−2xµ
(
n :φn−1(x) : − 1
4b1
n(n− 1) :φn−2(x) :
)
. (4.13)
Here, the :φn−1 : terms come from the commutation relations with the linear Pφ
terms in these generators. The last terms with 1/b1 are the quantum corrections.
For the commutator with Kj , we use the formula,∫
d3x
{
x2ej(x− y)− 2xjxkek(x− y)
}
= −yj (4.14)
11
derived from (4.12).
The transformation of n = 1 is nothing but the gauge transformation (2.6)
such that i[Qζ, φ] = δζφ. In this case, the quantum correction term vanishes.
The most simple conformal field is given by the exponential function of the
Riegert field defined as
Vα(x) =:e
αφ(x) :=
∞∑
n=0
αn
n!
:φn(x) : . (4.15)
From the transformation properties of (4.11) and (4.13), we obtain the following
conformal transformations:
i [Pµ, Vα(x)] = ∂µVα(x),
i [Mµν , Vα(x)] = (xµ∂ν − xν∂µ)Vα(x),
i [D,Vα(x)] = (x
µ∂µ + hα)Vα(x),
i [Kµ, Vα(x)] =
(
x2∂µ − 2xµxν∂ν − 2xµhα
)
Vα(x), (4.16)
where hα is the conformal dimension calculated to be
hα = α− α
2
4b1
. (4.17)
The second term proportional to 1/b1 is the quantum correction, which coincides
with the result computed on the R× S3 background [7, 14].
4.2 Physical Fields
Conformal fields themselves are not diffeomorphism invariant, namely, they
are not physical fields. Physical fields are defined by field operators that com-
mute with all generators of conformal symmetry as[
Qζ ,
∫
d4xO(x)
]
= 0. (4.18)
The most simple example of the local operator O is given by Vα with confor-
mal dimension hα = 4 because in this case the conformal transformation (4.16)
becomes
i [Qζ , Vα(x)] = ∂µ {ζµVα(x)} (4.19)
for all conformal Killing vectors ζµ (2.8).
Since the constant α obtained as the solution of hα = 4 is real due to b1 > 4
independently of matter field contents (see footnote 6), the operator Vα becomes
real. This physical field corresponds to the cosmological constant term.
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In general, O is given by scalar fields with conformal dimension 4 composed
of Riegert fields as well as traceless tensor fields, but fields that tensor indices
retain are excluded from physical fields because even though they have conformal
dimension 4, their transformations cannot be written in the form (4.19) due to
the presence of spin terms in Mµν and Kµ.
The positivity of the two-point function of Vα is trivial because it is a real
operator. Since diffeomorphism invariant fields will be real, the Wightman
positivity condition for these fields seems to be satisfied. Of course, in this
argument, it is crucial that both Riegert-Wess-Zumino and Weyl actions have a
correct sign such that they are bounded from below (if we do the usual analytic
continuation to Euclidean signature).
5 Conformal Algebra
Now, we can show that the generators presented above indeed form confor-
mal algebra at the quantum level.
First, we present the useful OPE formula,
[:AB(x) :, :CD(y) :] = [A(x), C(y)] :B(x)D(y) : + [A(x), D(y)] :B(x)C(y) :
+ [B(x), C(y)] :A(x)D(y) : + [B(x), D(y)] :A(x)C(y) :
+q.c.(x− y). (5.1)
The last term is the quantum correction given by
q.c.(x− y) = 〈A(x)C(y)〉〈B(x)D(y)〉 + 〈A(x)D(y)〉〈B(x)C(y)〉 − h.c., (5.2)
where h.c. denotes the hermitian conjugate of the first two terms.
Using this formula, the equal-time commutation relations among the opera-
tors A and Bj are calculated as
[A(x),A(y)] = i |∂2xδ3(x− y)
(
:Pχ(x)χ(y) : − :χ(x)Pχ(y) :
)
+i
b1
4π2
|∂2xδ3(x− y)
(
: |∂2φ(x)χ(y) : − :χ(x) |∂2φ(y) :
)
,
[Bj(x),Bk(y)] = i∂xj δ3(x − y)
(
:Pχ(x)∂kχ(y) : + :Pφ(x)∂kφ(y) :
)
+i∂xkδ3(x− y)
(
:∂jχ(x)Pχ(y) : + :∂jφ(x)Pφ(y) :
)
(5.3)
and
[A(x),Bj(y)] = i∂xj δ3(x− y)
(
−4π
2
b1
:Pχ(x)Pχ(y) : + :χ(x)Pφ(y) :
)
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+iδ3(x− y)
(
:Pφ∂jχ(y) : +
b1
4π2
: |∂2χ∂jχ(y) :
)
+i
b1
4π2
|∂2xδ3(x− y)
(
:χ(x)∂jχ(y) : + : |∂2φ(x)∂jφ(y) :
)
−i 4
π2
fj(x− y), (5.4)
where the function fj denotes the quantum correction, defined by
fj(x) =
1
π2
ǫxj(x
2 − ǫ2)
(x2 + ǫ2)6
. (5.5)
Here, we summarize the properties of this function. It can be written in the
derivative of scalar function as fj(x) = ∂jf(x), where
f(x) = − 1
40π2
ǫ(5x2 − 3ǫ2)
(x2 + ǫ2)5
. (5.6)
The integrals of these functions satisfy
∫
d3xfj(x) = 0,
∫
d3xf(x) = 0,
∫
d3xxjf(x) = 0, (5.7)
while
∫
d3xx2f(x) = −1/160ǫ2 diverges at the limit ǫ→ 0.10
5.1 Poincare´ Algebra
Let us first show that the Poincare´ algebra is closed. Using the equal-time
commutation relations computed above, we obtain the following commutators:
[P0,A(x)] = −i∂ηA(x), [P0,Bj(x)] = −i∂ηBj(x),
[Pj ,A(x)] = −i∂jA(x), [Pj ,Bk(x)] = −i∂jBk(x). (5.8)
Here, the time-derivatives of A and Bj are defined from the equations of motion
by
∂ηA = :Pχ |∂2χ : − :χ |∂2Pχ : + b1
4π2
(
: |∂2χ |∂2φ : − :χ |∂4φ :) ,
∂ηBj = −4π
2
b1
:Pχ∂jPχ : − b1
4π2
(
2 : |∂2χ∂jχ : + : |∂4φ∂jφ :
)
(5.9)
10The function f can be written in terms of the delta function as
f(x) = − 1
320
|∂2
(
1
x
2
δ3(x)
)
.
To derive this, we use the expression of the regularized delta function (4.6) and its variant
form π2δ3(x) = 4ǫ3/(x2 + ǫ2)3.
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and the quantum correction term disappears due to the property of fj (5.7).
In order to obtain the Lorentz algebra, we further calculate the following
equal-time commutation relations:
[A(x), :Pχ∂jφ(y) :] = iδ3(x− y)
(
:Pφ∂jφ(y) : +
b1
4π2
: |∂2χ∂jφ(y) :
)
+i∂xj δ3(x− y) :χ(x)Pχ(y) :
+i
b1
4π2
|∂2xδ3(x− y) :χ(x)∂jφ(y) :,
[Bj(x), :Pχ∂kφ(y) :] = i∂xj δ3(x − y) :Pχ(x)∂kφ(y) :
+i∂xkδ3(x− y) :∂jφ(x)Pχ(y) : . (5.10)
Using (5.3), (5.4) and these equations, we obtain the following algebra for the
generators of Lorentz transformations:
[M0j ,A(x)] = iη∂jA(x) + ixj∂ηA(x)
+i
{
:Pφ∂jφ(x) : +2 :Pχ∂jχ(x) : − :χ∂jPχ(x) :
+
b1
4π2
(
: |∂2χ∂jφ(x) : +2 :∂jχ |∂2φ(x) : − :χ∂j |∂2φ(x) :
)}
,
[M0j ,Bk(x)] = iη∂jBk(x) + ixj∂ηBk(x)
+i
{
δjk
(
−4π
2
b1
:P2χ(x) : + :Pφχ(x) :
)
+ :Pχ∂j∂kφ(x) :
+ :∂jPχ∂kφ(x) : − b1
2π2
(
:∂jχ∂kχ(x) : + :∂j |∂2φ∂kφ(x) :
)}
,
[M0j, :Pχ∂kφ(x) :] = iη (:∂jPχ∂kφ(x) : + :Pχ∂j∂kφ(x) :)
+ixj
(
:Pχ∂kχ(x) : − :Pφ∂kφ(x) : − b1
2π2
: |∂2χ∂kφ(x) :
)
+iδjk :Pχχ(x) : −i b1
2π2
:∂jχ∂kφ(x) : (5.11)
and
[Mij ,A(x)] = −ixi∂jA(x) + ixj∂iA(x),
[Mij ,Bk(x)] = −ixi∂jBk(x) + ixj∂iBk(x) − iδikBj(x) + iδjkBi(x),
[Mij , :Pχ∂kφ(x) :] = −ixi
(
:∂jPχ∂kφ(x) : + :Pχ∂j∂kφ(x) :
)
− iδik :Pχ∂jφ(x) :
+ixj
(
:∂iPχ∂kφ(x) : + :Pχ∂i∂kφ(x) :
)
+ iδjk :Pχ∂iφ(x) : .
(5.12)
Here, all quantum correction terms vanish due to (5.7).
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Using these algebra, we can show that the Poincare´ algebra
[Pµ, Pν ] = 0, [Mµν , Pλ] = −i (ηµλPν − ηνλPµ) ,
[Mµν ,Mλσ] = −i (ηµλMνσ + ηνσMµλ − ηµσMνλ − ηνλMµσ) (5.13)
is satisfied at the quantum level.
5.2 Conformal Algebra with D and Kµ
Next, we calculate the remaining algebra including the generators of dilata-
tions and special conformal transformations, D and Kµ. In order to calculate
it, we further need the following equal-time commutation relations:
[A(x), :Pχχ(y) :] = iδ3(x− y)
(
4π2
b1
:P2χ(y) : + :Pφχ(y) : +
b1
4π2
:χ |∂2χ(y) :
)
+i
b1
4π2
|∂2xδ3(x − y) :χ(x)χ(y) : +i
10
π2
f(x− y),
[A(x), :χ2(y) :] = i8π2
b1
δ3(x− y) :Pχχ(y) :,[A(x), :∂kφ∂kφ(y) :] = 2i∂xkδ3(x− y) :χ(x)∂kφ(y) :,
[A(x), :χ∂jφ(y) :] = i4π
2
b1
δ3(x− y) :Pχ∂jφ(y) : +i∂xj δ3(x− x′) :χ(x)χ(y) :
+i
1
b1
gj(x− y) (5.14)
and
[Bj(x), :Pχχ(y) :] = −iδ3(x − y) :Pχ∂jχ(y) : +i∂xj δ3(x− y) :Pχ(x)χ(y) :,[Bj(x), :χ2(y) :] = −2iδ3(x− y) :χ∂jχ(y) : −i 2
b1
gj(x− y),[Bj(x), :∂kφ∂kφ(y) :] = 2i∂xkδ3(x− y) :∂jφ(x)∂kφ(y) :
−i 4
b1
{gj(x− y) − g˜j(x− y)} ,
[Bj(x), :χ∂kφ(y) :] = −iδ3(x − y) :∂jχ∂kφ(y) : +i∂xkδ3(x− y) :∂jφ(x)χ(y) : .
(5.15)
Here, the function f is defined by (5.6) and we also introduce other functions
defined by
gj(x) =
1
π2
ǫxj
(x2 + ǫ2)4
(5.16)
and
g˜j(x) =
2
π2
ǫxj [1− h(x)]
x2(x2 + ǫ2)3
, (5.17)
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where h is defined in (4.10). The function gj can be written in the derivative of
scalar function as gj(x) = ∂jg(x), where
g(x) = − 1
6π2
ǫ
(x2 + ǫ2)3
. (5.18)
This function is related to the scalar function (5.6) as |∂2g(x) = 40f(x).
Since gj and g˜j are odd under the change x → −x, the integrals of them
vanish such that
∫
d3x gj(x) =
∫
d3x g˜j(x) = 0, while the integral of g is given
by
∫
d3x g(x) = −1/24ǫ2, which diverges at the limit of ǫ → 0. Thus, the
following integral diverges at the limit:
∫
d3x xigj(x) = −δij
∫
d3x g(x) = δij
1
24ǫ2
. (5.19)
We also obtain the divergent integral,
∫
d3x xig˜j(x) =
1
3
δij
∫ ∞
0
4πx2dx
2ǫ[1− h(x)]
π2(x2 + ǫ2)3
= δij
1
24ǫ2
. (5.20)
The difference of these two integrals, however, vanishes exactly such that we
find ∫
d3x xi {gj(x)− g˜j(x)} = 0. (5.21)
This formula is used when we show that quantum corrections disappear.
Furthermore, we need the following equal-time commutation relations:
[:Pχχ(x) :, :Pχ∂jφ(y) :] = iδ3(x− y) :Pχ∂jφ(y) : −i 1
4π2
gj(x− y),[
:Pχ∂jφ(x) :, :χ
2(y) :
]
= −2iδ3(x− y) :χ∂jφ(y) :,
[:Pχ∂jφ(x) :, :χ∂kφ(y) :] = −iδ3(x − y) :∂jφ∂kφ(y) : −i 1
2b1
gjk(x− y),
[
:Pχχ(x) :, :χ
2(y) :
]
= −2iδ3(x− y) :χ2(y) : −i 6
b1
g(x− y),
[:Pχχ(x) :, :χ∂jφ(y) :] = −iδ3(x − y) :χ∂jφ(y) :, (5.22)
where the function gij in the third equation is defined by
gij(x) =
1
π2
{
xixj
x2
ǫ
(x2 + ǫ2)3
+
(
δij − 3xixj
x2
)
ǫ[1− h(x)]
x2(x2 + ǫ2)2
}
. (5.23)
The integral of this function is given by
∫
d3x gij(x) = −2δij
∫
d3x g(x), (5.24)
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which diverges at the limit of ǫ→ 0.
From the commutators obtained above, we find that the commutators be-
tween the generator D and various local operators are given by
[D,A(x)] = −i (η∂η + xk∂k + 4)A(x),
[D,Bj(x)] = −i
(
η∂η + x
k∂k + 4
)Bj(x) (5.25)
and
[D, :Pχ∂jφ(x) :] = −i
(
η∂η + x
k∂k + 3
)
:Pχ∂jφ(x) :,
[D, :Pχχ(x) :] = −i
(
η∂η + x
k∂k + 3
)
:Pχχ(x) :,[
D, :χ2(x) :
]
= −i (η∂η + xk∂k + 2) :χ2(x) :,[
D, :∂kφ∂
kφ(x) :
]
= −i (η∂η + xk∂k + 2) :∂kφ∂kφ(x) :,
[D, :χ∂jφ(x) :] = −i
(
η∂η + x
k∂k + 2
)
:χ∂jφ(x) : . (5.26)
Here, all divergent terms cancel out and quantum corrections disappear, which
can be shown by using the integral formulae for various functions presented
above.
In the same way, we can calculate the commutation relations between the
generatorKµ and various local operators, which are summarized in Appendix D.
From these commutators, we find that the following algebra is satisfied without
quantum correction terms:
[D,Pµ] = −iPµ, [D,Mµν ] = 0, [D,Kµ] = iKµ,
[Mµν ,Kλ] = −i (ηµλKν − ηνλKµ) , [Kµ,Kν] = 0,
[Kµ, Pν ] = 2i (ηµνD +Mµν) . (5.27)
Combined with the Poincare´ algebra (5.13), we obtain the conformal algebra.
6 Traceless Tensor Fields
In the UV limit of t → 0, the Weyl action −(1/t2) ∫ d4x√−gC2µνλσ reduces
to the quadratic form,
I =
∫
d4x
{
−1
2
∂2hµν∂2hµν + ∂
µχν∂µχν − 1
3
∂µχ
µ∂νχ
ν
}
, (6.1)
where χµ = ∂
λhλµ. This action is invariant under the gauge transformations
δκhµν (2.4) and δζhµν (2.6).
In this section, after the traceless tensor field is quantized, we derive the
generator of conformal symmetry and then discuss the transformation law of
the field.
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6.1 Canonical Quantization
In order to quantize the traceless tensor field, we have to fix the gauge
symmetry δκhµν (2.4). Using four gauge degrees of freedom κ
µ, we can take
the Coulomb gauge defined by ∂ih
i
µ = 0. The (00) component h00(= h
i
i)
then becomes nondynamical. Therefore, using the residual gauge symmetry
preserving the Coulomb gauge conditions, we further remove the h00 field. This
is the radiation gauge summarized by the conditions,
h00 = 0, h0j = hj , hij = hij , (6.2)
where hj and hij are the transverse vector mode and the transverse traceless
tensor mode, respectively, satisfying the conditions ∂ihi = 0 and ∂
i
hij = h
i
i = 0.
In the radiation gauge, the gauge degrees of freedom κµ are completely fixed
and thus only the gauge symmetry δζhµν (2.6) survives as the residual gauge
symmetry.
The transverse traceless tensor mode is quantized according to the Dirac’s
procedure by introducing new variable,
uij = ∂ηhij , (6.3)
while the transverse vector mode is treated as it is because it is the second order
with respect to the time derivative. The Weyl action is then written in the form,
I =
∫
d4x
{
−1
2
h
ij
(
∂4η − 2 |∂2∂2η + |∂4
)
hij + h
j |∂2 (−∂2η + |∂2) hj
}
=
∫
d4x
{
−1
2
∂ηu
ij∂ηuij − uij |∂2uij − 1
2
|∂2hij |∂2hij + λij (∂ηhij − uij)
+∂ηh
j |∂2∂ηhj + |∂2hj |∂2hj
}
, (6.4)
where λij is the Lagrange multiplier.
After removed the variable λij by solving the constraint equation, we ob-
tain the phase space spanned by six canonical variables uij , hij , hj, and their
conjugate momenta,
P
ij
u = −∂ηuij ,
P
ij
h
= −∂ηPiju − 2 |∂2uij ,
P
j = 2 |∂2∂ηhj. (6.5)
The canonical commutation relations are set as
[
h
ij(η,x),Pklh (η,y)
]
=
[
u
ij(η,x),Pklu (η,y)
]
= iδij,kl3 (x− y),[
h
i(η,x),Pj(η,y)
]
= iδij3 (x− y), (6.6)
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where the delta functions are defined by δij3 (x) = ∆
ijδ3(x) and δ
ij,kl
3 (x) =
∆ij,klδ3(x) with
∆ij = δij − ∂i∂j|∂2 ,
∆ij,kl =
1
2
(∆ik∆jl +∆il∆jk −∆ij∆kl) . (6.7)
These differential operators satisfy the conditions ∂i∆ij = 0, ∆
j
j = 2, ∂
i∆ij,kl =
0 and ∆ii,kl = 0, and also satisfy the relations ∆ik∆
k
j = ∆ij and ∆ij,kl∆
kl,
mn =
∆ij,mn.
The Hamiltonian is expressed as
H =
∫
d3x :
{
−1
2
P
ij
u
P
u
ij + P
ij
h
uij + u
ij |∂2uij + 1
2
|∂2hij |∂2hij
+
1
4
P
j |∂−2Pj − |∂2hj |∂2hj
}
:, (6.8)
where |∂−2 = 1/ |∂2.
The equations of motion of the transverse traceless tensor and the transverse
vector modes are given by ∂4hij = 0 and |∂2∂2hj = 0, which can be written
in terms of the momentum variables as ∂ηP
ij
h
= − |∂4hij and ∂ηPj = 2 |∂4hj ,
respectively.
As in the case of the Riegert field, the transverse traceless tensor mode is
expanded by eikµx
µ
and ηeikµx
µ
. Decomposing into the annihilation and creation
parts as hij = hij< + h
ij
> , where h
ij
> = h
ij†
< , the annihilation part is expanded as
h
ij
<(x) =
∫
d3k
(2π)3/2
1
2ω3/2
{
c
ij(k) + iωηdij(k)
}
eikµx
µ
. (6.9)
On the other hand, since the equation of motion of the transverse vector mode
is the second order with respect to the time derivative, it is expanded as hj =
h
j
< + h
j
> with h
j
> = h
j†
< and
h
j
<(x) =
∫
d3k
(2π)3/2
1
2ω3/2
ej(k)e
ikµx
µ
. (6.10)
The annihilation parts of other variables are given by
u
ij
<(x) = −i
∫
d3k
(2π)3/2
1
2ω1/2
{
c
ij(k) + (−1 + iωη)dij(k)} eikµxµ ,
P
ij
u<(x) =
∫
d3k
(2π)3/2
ω1/2
2
{
c
ij(k) + (−2 + iωη)dij(k)} eikµxµ ,
P
ij
h<(x) = −i
∫
d3k
(2π)3/2
ω3/2
2
{
c
ij(k) + (1 + iωη)dij(k)
}
eikµx
µ
,
P
j
<(x) = i
∫
d3k
(2π)3/2
ω3/2ej(k)eikµx
µ
. (6.11)
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Substituting these expressions into the canonical commutation relations (6.6),
we obtain the following commutation relations:
[
c
ij(k), ckl†(k′)
]
= δij,kl3 (k− k′),[
c
ij(k), dkl†(k′)
]
=
[
d
ij(k), ckl†(k′)
]
= δij,kl3 (k− k′),[
d
ij(k), dkl†(k′)
]
= 0,[
e
i(k), ej†(k′)
]
= −δij3 (k− k′), (6.12)
where the momentum representations of the delta functions δij3 (k) and δ
ij,kl
3 (k)
are defined by multiplying the ordinary delta function δ3(k) by the functions,
∆˜ij(k) = δij − kikj
k2
,
∆˜ij,kl(k) =
1
2
{
∆˜ik(k)∆˜jl(k) + ∆˜il(k)∆˜jk(k) − ∆˜ij(k)∆˜kl(k)
}
,(6.13)
respectively.
The commutation relations can be simplified by introducing the polariza-
tion vector εi(a) (a = 1, 2) and the polarization tensor ε
ij
(a) (a = 1, 2) that sat-
isfy the transverse condition kiε
i
(a) = 0 and the transverse traceless conditions
kiε
ij
(a)(k) = ε
i
(a)i(k) = 0, respectively. They are normalized as
2∑
a=1
εi(a)(k)ε
j
(a)(k) = ∆˜
ij(k), εj(a)(k)ε(b)j(k) = δab (6.14)
and
2∑
a=1
εij(a)(k)ε
kl
(a)(k) = ∆˜
ij,kl(k), εij(a)(k)ε(b)ij(k) = δab. (6.15)
Each mode is then expanded as
c
ij(k) =
2∑
a=1
εij(a)(k)c(a)(k), d
ij(k) =
2∑
a=1
εij(a)(k)d(a)(k),
e
j(k) =
2∑
a=1
εj(a)(k)e(a)(k). (6.16)
The commutation relations are simply given by[
c(a)(k), c
†
(b)(k
′)
]
= δabδ3(k− k′),[
c(a)(k), d
†
(b)(k
′)
]
=
[
d(a)(k), c
†
(b)(k
′)
]
= δabδ3(k− k′),[
d(a)(k), d
†
(b)(k
′)
]
= 0,[
e(a)(k), e
†
(b)(k
′)
]
= −δabδ3(k− k′) (6.17)
21
The Hamiltonian is expressed as
H =
2∑
a=1
∫
d3kω
{
c
†
(a)(k)d(a)(k) + d
†
(a)(k)c(a)(k)− 2d†(a)(k)d(a)(k)− e†(a)(k)e(a)(k)
}
.
(6.18)
Finally, we calculate the two-point functions of the transverse traceless tensor
and transverse vector modes. We here introduce the hermitian fields H(a) and
Y (a) with the annihilation parts defined by
H
(a)
< (x) =
∫
d3k
(2π)3/2
1
2ω3/2
{
c(a)(k) + iωηd(a)(k)
}
eikµx
µ
,
Y
(a)
< (x) =
∫
d3k
(2π)3/2
1
2ω3/2
e(a)(k)e
ikµx
µ
. (6.19)
We then obtain the two-point function 〈H(a)(x)H(b)(x′)〉 = δab〈H(x)H(x′)〉,
where
〈H(x)H(x′)〉 = − 1
16π2
log
{[−(η − η′ − iǫ)2 + (x− x′)2] z2e2γ−2}
− 1
16π2
iǫ
|x− x′| log
η − η′ − iǫ− |x− x′|
η − η′ − iǫ+ |x− x′| . (6.20)
And also, we obtain 〈Y (a)(x)Y (b)(x′)〉 = δab〈Y (x)Y (x′)〉, where
〈Y (x)Y (x′)〉 = 1
16π2
log
{[−(η − η′ − iǫ)2 + (x− x′)2] z2e2γ−2}
− 1
16π2
η − η′ − iǫ
|x− x′| log
η − η′ − iǫ− |x− x′|
η − η′ − iǫ+ |x− x′| . (6.21)
Using these functions, we obtain the following expressions:
〈hij(x)hkl(x′)〉 = ∆ij,kl(x)〈H(x)H(x′)〉,
〈hi(x)hj(x′)〉 = ∆ij(x)〈Y (x)Y (x′)〉. (6.22)
6.2 Generators of Conformal Symmetry
As stressed in section 2, the transverse traceless tensor mode hij and the
transverse vector mode hj themselves are not gauge invariant because they mix
under the residual gauge transformation, or the conformal transformation (2.6).
We here write out the generator of the transformation in the radiation gauge.
The stress tensor of the traceless tensor field is derived from the Weyl action in
Appendix E. According to the definition (2.9), we obtain the following expres-
sions. The generators of translations are given by
P0 = H =
∫
d3x A,
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Pj =
∫
d3x Bj , (6.23)
where
A = −1
2
:Pklu P
u
kl : + :P
kl
h ukl : + :u
kl |∂2ukl : +1
2
: |∂2hkl |∂2hkl :
+
1
4
:Pk |∂−2Pk : − : |∂2hk |∂2hk :,
Bj = :Pklu ∂jukl : + :Pklh ∂jhkl : + :Pk∂jhk : . (6.24)
The generators of Lorentz transformations are
M0j =
∫
d3x {−ηBj − xjA− Cj} ,
Mij =
∫
d3x {xiBj − xjBi + Cij} , (6.25)
where
Cj = :Pklu ∂jhkl : + :Pku j |∂−2Pk : +2 :Pkh jhk : + :hkjPk : +2 :ukj |∂2hk :,
Cij = 2
(
:Pk
u iukj : − :Pku juki :
)
+ 2
(
:Pk
h ihkj : − :Pkh jhki :
)
+ :Pihj : − :Pjhi : . (6.26)
The generator of dilatation is
D =
∫
d3x
{
ηA+ xkBk+ :Pklu ukl :
}
. (6.27)
The generators of special conformal transformations are
K0 = −η2P0 + 2ηD +N0,
Kj = η
2Pj + 2ηM0j +Nj , (6.28)
where the operators defined by N0 =
∫
d3x x2T00 and Nj =
∫
d3x (x2T0j −
2xjx
kT0k) are given by
N0 =
∫
d3x
{
x2A+ 2xkCk − 2 :uklukl : − :∂mhkl∂mhkl :
−5
4
: |∂−2Pk |∂−2Pk : −4 :∂khl∂khl :
}
,
Nj =
∫
d3x
{
x2Bj − 2xjxkBk + 2xkCkj − 2xj :Pklu ukl :
−2 :ukl∂jhkl : +2 : |∂−2Pk∂jhk : −4 :Pku jhk :
−4 :ukj |∂−2Pk : +4 :hkj |∂2hk :
}
. (6.29)
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In this paper, we do not check that these generators form the closed algebra
of conformal symmetry onM4. On the other hand, on theR×S3 background, we
have already shown that the corresponding generators form the closed algebra
quantum mechanically [10].
6.3 Transformation Laws and Fradkin-Palchik Terms
In this subsection, we study the transformation property of the field. First,
we write down the expressions of the transformations δζhµν in (2.6) in the
radiation gauge, which are given by
δζhrs = ζ
λ∂λhrs + hrk∂sζ
k + hsk∂rζ
k + hr∂sζ
0 + hs∂rζ
0 − 1
2
hrs∂λζ
λ,
δζhr = ζ
λ∂λhr + hr∂ηζ
0 + hs∂rζ
s + hrs∂ηζ
s − 1
2
hr∂λζ
λ. (6.30)
These transformations, however, do not preserve the gauge-fixing conditions
(6.2). This fact is known to be a general feature of conformal transformations
that appears in gauge theories.
As discussed by Fradkin and Palchik [27, 28], the violation of invariance can
be compensated by a certain gauge transformation whose parameters depend
on the field. In this case, it is expressed as
i [Qζ , hµν ] = δζhµν + δκ˜hµν , (6.31)
where the second term in the right-hand side, called the Fradkin-Palchik term,
has the form of the gauge transformation δκ˜hµν = ∂µκ˜ν+∂ν κ˜µ−ηµν∂λκ˜λ/2 with
the nonlocal field-dependent gauge parameter κ˜µ. Here, using the generators
given above, we demonstrate this transformation law and determine κ˜µ in the
radiation gauge.
For Pµ of translations, D of dilatations and Mij of spatial rotations, the
transformation laws of the transverse traceless tensor mode are calculated using
the canonical commutation relations (6.6) as
i [Pµ, hrs] = ∂µhrs,
i [D, hrs] = x
λ∂λhrs,
i [Mij , hrs] = (xi∂j − xj∂i) hrs + δrihsj − δrjhsi + δsihrj − δsjhri(6.32)
and those of the transverse vector mode are
i [Pµ, hr] = ∂µhr,
i [D, hr] = x
λ∂λhr,
i [Mij , hr] = (xi∂j − xj∂i) hr + δrihj − δrjhi. (6.33)
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These equations are nothing but the transformations (6.30) and the Fradkin-
Palchik term does not appear here.
For M0j of Lorentz boosts and Kµ of special conformal transformations, we
find that the Fradkin-Palchik term comes out in order to preserve the gauge-
fixing condition, which are given as follows:
i [M0j , hrs] = (−η∂j − xj∂η) hrs − δrjhs − δsjhr
+∂r
(
κ˜Bs
)
j
+ ∂s
(
κ˜Br
)
j
− 1
2
δrs∂λ
(
κ˜λB
)
j
,
i [K0, hrs] =
(
η2 + x2
)
∂ηhrs + 2ηx
k∂khrs + 2xrhs + 2xshr
+∂r
(
κ˜Ss
)
0
+ ∂s
(
κ˜Sr
)
0
− 1
2
δrs∂λ
(
κ˜λS
)
0
,
i [Kj , hrs] =
(−η2 + x2)∂jhrs − 2xjxk∂khrs − 2ηxj∂ηhrs + 2xrhsj + 2xshrj
−2δrjxkhks − 2δsjxkhkr − 2ηδrjhs − 2ηδsjhr
+∂r
(
κ˜Ss
)
j
+ ∂s
(
κ˜Sr
)
j
− 1
2
δrs∂λ
(
κ˜λS
)
j
(6.34)
and
i [M0j , hr] = (−η∂j − xj∂η) hr − hrj + ∂η
(
κ˜Br
)
j
+ ∂r
(
κ˜B0
)
j
,
i [K0, hr] =
(
η2 + x2
)
∂ηhr + 2ηx
k∂khr + 2x
k
hkr + ∂η
(
κ˜Sr
)
0
+ ∂r
(
κ˜S0
)
0
,
i [Kj , hr] =
(−η2 + x2) ∂jhr − 2xjxk∂khr − 2ηxj∂ηhr + 2xrhj
−2δrjxkhk − 2ηhrj + ∂η
(
κ˜Sr
)
j
+ ∂r
(
κ˜S0
)
j
, (6.35)
where the nonlocal field-dependent gauge parameters (κ˜λB)j for Lorentz boosts
are given by
(
κ˜0B
)
j
= −3
2
|∂−2∂ηhj ,
(κ˜rB)j = |∂−2∂ηhrj + |∂−2∂jhr −
1
2
|∂−2∂rhj (6.36)
and (κ˜λS)µ for special conformal transformations are given by
(
κ˜0S
)
0
= 3 |∂−2∂η
(
xkhk
)
,
(κ˜rS)0 = −2 |∂−2∂η
(
xkhrk
)− 2 |∂−2∂k (xkhr)− 2 |∂−2hr + |∂−2∂r (xkhk) ,(
κ˜0S
)
j
= −3 |∂−2∂η (ηhj) + 6 |∂−2hj ,
(κ˜rS)j = 2 |∂−2∂η
(
ηhrj
)− 8 |∂−2hrj + 2 |∂−2∂j (ηhr)− |∂−2∂r (ηhj) . (6.37)
Here, we show that the Fradkin-Palchik term is indeed necessary to preserve
the gauge-fixing condition. Let us consider the (00) component of (6.31). The
left-hand side trivially vanishes due to the gauge-fixing condition h00 = 0, while
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the right-hand side is nontrivial because δζh00 = 2hr∂ηζ
r, which survives in the
cases of Lorentz boosts and special conformal transformations. The Fradkin-
Palchik term δκ˜h00 just cancels it. The transverse conditions are also preserved.
7 BRST Operator
Finally, we rewrite the quantum diffeomorphism (2.6) and the physical field
condition (4.18) in the BRST formalism [25, 23, 24].
The BRST transformation is defined by replacing ζµ in the gauge trans-
formations (2.6) with the corresponding gauge ghost cµ. It is expanded by 15
Grassmann modes as
cλ(x) = cµ−
(
ζλT
)
µ
+ cµν
(
ζλL
)
µν
+ cζλD + c
µ
+
(
ζλS
)
µ
= cλ− + 2xµc
µλ + xλc + x2cλ+ − 2xλxµcµ+, (7.1)
where cλ−, c
µν , c, cλ+ are hermitian operators and c
µν is antisymmetric. The c
and cµν modes have no dimensions, while cµ− and c
µ
+ have dimensions −1 and
1, respectively.
We also introduce the 15 antighosts bλ−, b
µν , b and bλ+ with the same proper-
ties that the gauge ghosts have. The anticommutation relations between gauge
ghosts and antighosts are set as
{c, b} = 1,{
cµν , bλσ
}
= ηµληνσ − ηµσηνλ,{
cµ−, b
ν
+
}
=
{
cµ+, b
ν
−
}
= ηµν . (7.2)
From these algebra, we find that the generators of conformal algebra in the
gauge ghost sector represented by the abbreviation “gh” are given by11
Pµgh = i
(−2bcµ+ + bµ+c + bµλcλ+ + 2bλ+cµλ) ,
Mµνgh = i
(
bµ+c
ν
− − bν+cµ− + bµ−cν+ − bν−cµ+ + bµλcνλ − bνλcµλ
)
,
Dgh = i
(
bλ−c+λ − bλ+c−λ
)
,
Kµgh = i
(
2bcµ− − bµ−c + bµλcλ− + 2bλ−cµλ
)
. (7.3)
Using these generators, the BRST operator is defined by
QBRST = c
µ
−
(
Pµ +
1
2
P ghµ
)
+ cµν
(
Mµν +
1
2
Mghµν
)
+ c
(
D +
1
2
Dgh
)
11These expressions can be determined by imposing the condition that the ghost field cµ
transforms as a vector field with conformal dimension −1.
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+cµ+
(
Kµ +
1
2
Kghµ
)
= c
(
D +Dgh
)
+ cµν
(
Mµν +M
gh
µν
)− bN − bµνNµν + Qˆ, (7.4)
where Pµ, Mµν , D and Kµ represent the sum of the generators of conformal
algebra other than the gauge ghost sector. The other operators are defined by
N = 2icµ+c−µ,
Nµν =
i
2
(
cµ+c
ν
− + c
µ
−c
ν
+
)
+ icµλcνλ,
Qˆ = cµ−Pµ + c
µ
+Kµ. (7.5)
The nilpotency can be shown by using the conformal algebra for Pµ, Mµν , D
and Kµ as
Q2BRST = Qˆ
2 −ND − 2icµ+cν−Mµν = 0. (7.6)
Here, the anticommutation relations between the BRST operator and the
antighosts are computed as
{QBRST, b} = D +Dgh,
{QBRST, bµν} = 2
(
Mµν +Mµνgh
)
,{
QBRST, b
µ
−
}
= Kµ +Kµgh,{
QBRST, b
µ
+
}
= Pµ + Pµgh. (7.7)
Therefore, the nilpotency can be also expressed as [QBRST, D +Dgh] = 0 and
so on.
In terms of the BRST operator, the physical field conditions (4.18) are now
written by the single equation,
[
QBRST,
∫
d4xO(x)
]
= 0. (7.8)
Now, the results found in section 4 are summarized as follows. The conformal
transformations for Riegert and gauge ghost fields are expressed as
i [QBRST, φ(x)] = c
µ∂µφ(x) +
1
4
∂µc
µ(x),
i {QBRST, cµ(x)} = cν∂νcµ(x). (7.9)
The BRST transformation of the exponential operator Vα (4.15) is given by
i [QBRST, Vα(x)] = c
µ∂µVα(x) +
hα
4
∂µc
µVα(x). (7.10)
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Thus, we obtain
i
[
QBRST,
∫
d4xVα(x)
]
=
∫
d4x∂µ{cµVα(x)} = 0 (7.11)
for hα = 4.
8 Conclusion
We have studied four dimensional quantum gravity in a nonperturbative
manner capable of describing spacetime dynamics beyond the Planck scale. The
model has been constructed on the basis of conformal gravity incorporating the
Riegert-Wess-Zumino action that is required to preserve the diffeomorphism
invariance. Indeed, we have found that quantum diffeomorphism becomes com-
plete in the combined system of Riegert-Wess-Zumino and Weyl actions.
The model has been described as a certain conformal field theory defined on
a background spacetime that can be chosen arbitrary so long as it is conformally
flat due to the background free nature. In this paper, we studied the model by
employing the Minkowski background M4 in practice.
The generator of conformal transformation was constructed on M4 and the
transformation law of the field was studied to clarify the physical property.
Since conformal invariance originates from diffeomorphism invariance, physical
fields must be invariant under the conformal transformation. Thus, conformal
fields themselves are not physical fields. We found that physical fields are given
by diffeomorphism invariant fields that are described by spacetime volume inte-
grals of scalar fields with conformal dimension 4, and thus tensor fields outside
the unitarity bound are excluded.12 Thus, conformal invariance from diffeomor-
phism invariance gives more strong conditions to the field than those in usual
conformal field theories.
We also constructed the nilpotent BRST operator for quantum diffeomor-
phism. The physical field condition was represented in terms of the BRST
operator.
The results were confirmed to be consistent with those studied on the curved
background R×S3. The advantages of using the M4 background are that it is,
of course, most familiar and also field operators and their correlation functions
become simple compared with those on the curved background, which are helpful
in future developments.
12The Weyl tensor, for example, has spin s = 2 and conformal domension d = 2, which lies
outside the unitarity bound d ≥ 2 + s [28]. It is excluded by the physical condition, but its
squared becomes physical.
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Finally, we give a comment on how to resolve the ghost problem at a higher
order of the coupling t. In this case, we can apply an old idea by Tomboulis
[29] based on Lee and Wick’s works [30] in the 1970s. The essence of their idea
is that in the full propagator, including radiative corrections, the ghost pole
moves to a complex plane so that the ghost mode does not appear in the real
world. However, this idea has a problem that the ghost mode appears as a real
pole when interactions turn off at the UV limit. In our model, the conformal
symmetry just compensates for this weak point.
A Wess-Zumino Condition and Background Met-
ric Independence
The Riegert-Wess-Zumino action (2.2) can be written in the integral form,13
SRWZ(φ, gˆ) = − b1
(4π)2
∫
d4x
∫ φ
0
dφ
√−gE4, (A.1)
whereE4 = G4−2∇2R/3 is the modified Euler density andG4 = R2µνλσ−4R2µν+
R2 is the usual Euler density. The integral can be easily carried out using the
relation
√−gE4 =
√−gˆ(4∆ˆ4φ + Eˆ4). Here, the metric field gµν is taken to be
e2φgˆµν given at the vanishing coupling limit, where gˆµν is conformally flat. The
Weyl action is then described by the kinetic term of hµν defined on the metric
field gµν .
By dividing the range of integration [0, φ] into [0, ω] and [ω, φ], we find that
the action satisfies the Wess-Zumino integrability condition [31, 32, 4]
SRWZ(φ, gˆ) = SRWZ(ω, gˆ) + SRWZ(φ− ω, e2ωgˆ). (A.2)
This condition guarantees that the path integral of Riegert field can be carried
out exactly in a manner independent of how to choose the path.
Background free nature just comes out as a consequence of performing the
13As a comparison, the Liouville-Polyakov action in two dimensions is given by SL =
−(bL/4π)
∫
d2x
∫ φ
0
dφ
√−gR = −(bL/4π)
∫
d2x
√
−gˆ(φ∆ˆ2φ + Rˆφ), where ∆2 = −∇2 and
bL = (25 − c)/6 for two dimensional quantum gravity coupled to conformal field theory with
central charge c [1, 2, 3].
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path integral over the Riegert field exactly. It is shown as follows:14
Z|e2ω gˆ =
∫
[dφdh]e2ω gˆ exp
{
iSRWZ(φ, e
2ω gˆ) + iI(e2ωg)
}
=
∫
[dφdh]gˆ exp
{
iSRWZ(ω, gˆ) + iSRWZ(φ, e
2ω gˆ) + iI(e2ωg)
}
=
∫
[dφdh]gˆ exp
{
iSRWZ(ω, gˆ) + iSRWZ(φ− ω, e2ωgˆ) + iI(g)
}
= Z|gˆ. (A.3)
In the second equality, we take into account the Jacobian factor exp{iSRWZ(ω, gˆ)}
arising when we rewrite the path integral measure. The third equality is de-
rived by changing the variable of integration as φ→ φ−ω, considering that the
measure [dφ]gˆ is invariant under such a local shift. In the last equality, we use
the Wess-Zumino integrability condition (A.2).
Besides the Euler density, the square of Weyl tensor is also integrable. It
produces another Wess-Zumino action
√−gφC2µνλσ accompanied with the beta
function, but it disappears at the UV limit of t = 0. The Ricci scalar
√−gR
and the cosmological constant term
√−g are also integrable, while √−gR2
is not integrable and thus it is discarded from the action I to guarantee the
integrability of the Riegert field. It is consistent with the fact that the generator
of quantum diffeomorphism becomes complete in the system without R2 action.
B Integral Formulae
The following Fourier integral is useful:
In(η,x) =
∫
ω>z
d3k
(2π)3
1
ωn
e−iω(η−iǫ)+ik·x
=
1
(2π)3
∫ ∞
z
ω2dω
∫ 1
−1
d cos θ
∫ 2π
0
dϕ
1
ωn
eiω|x| cos θe−iω(η−iǫ)
=
1
2π2
1
|x|
∫ ∞
z
dω
1
ωn−1
sin(ω|x|)e−iω(η−iǫ), (B.1)
where ω = |k|. The parameters ǫ and z are the UV and IR cutoffs, respectively.
The integration is carried out under the condition z ≪ 1, while ǫ is finite. The
integral satisfies the relation In(η,x) = i∂ηIn+1(η,x).
14The UV divergences, which are proportional to Cˆ2
µνλσ
and Eˆ4, vanish for a conformally
flat background.
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Here, we write down the results for several integers n in the following:
I3(η,x) =
1
4π2
{
− log [−(η − iǫ)2 + x2]− log z2e2γ−2 + η − iǫ|x| log
η − iǫ− |x|
η − iǫ+ |x|
}
,
I2(η,x) = i
1
4π2
1
|x| log
η − iǫ− |x|
η − iǫ+ |x| ,
I1(η,x) =
1
2π2
1
−(η − iǫ)2 + x2 ,
I0(η,x) = i
1
π2
η − iǫ
[−(η − iǫ)2 + x2]2 ,
I−1(η,x) = − 1
π2
3(η − iǫ)2 + x2
[−(η − iǫ)2 + x2]3 ,
I−2(η,x) = −i12
π2
(η − iǫ)[(η − iǫ)2 + x2]
[−(η − iǫ)2 + x2]4 ,
I−3(η,x) =
12
π2
5(η − iǫ)4 + 10(η − iǫ)2x2 + x4
[−(η − iǫ)2 + x2]5 ,
I−4(η,x) = i
120
π2
(η − iǫ)[3(η − iǫ)4 + 10(η − iǫ)2x2 + 3x4]
[−(η − iǫ)2 + x2]6 . (B.2)
C Various OPE singularities
We here write down the singular parts of the OPEs at the equal time used
in sections 4 and 5. For four canonical variables, we obtain
〈φ(x)φ(x′)〉 = − 1
4b1
log
{[
(x− x′)2 + ǫ2] z2e2γ}+ 1
2b1
[1− h(x− x′)] ,
〈φ(x)χ(x′)〉 = 〈Pχ(x)Pφ(x′)〉 = 0,
〈χ(x)χ(x′)〉 = − 1
2b1
1
(x− x′)2 + ǫ2 ,
〈φ(x)Pχ(x′)〉 = − 1
8π2
1
(x− x′)2 + ǫ2 ,
〈χ(x)Pχ(x′)〉 = 〈φ(x)Pφ(x′)〉 = i 1
2π2
ǫ
[(x− x′)2 + ǫ2]2 ,
〈χ(x)Pφ(x′)〉 = − 1
4π2
(x− x′)2 − 3ǫ2
[(x− x′)2 + ǫ2]3 ,
〈Pχ(x)Pχ(x′)〉 = 3b1
16π4
(x− x′)2 − 3ǫ2
[(x− x′)2 + ǫ2]3 ,
〈Pφ(x)Pφ(x′)〉 = 9b1
4π4
(x− x′)4 − 10ǫ2(x− x′)2 + 5ǫ4
[(x− x′)2 + ǫ2]5 , (C.1)
where h is the real function defined in (4.10).
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Here, only two cases 〈χ(x)Pχ(x′)〉 and 〈φ(x)Pφ(x′)〉 becomes complex, and
thus only the equal-time commutation relations between χ and Pχ and between
φ and Pφ become nontrivial as required.
Furthermore, we write down the cases with spatial derivatives,
〈∂jφ(x)φ(x′)〉 = − 1
2b1
(x− x′)j
(x− x′)2 [1− h(x− x
′)] ,
〈∂jφ(x)∂kφ(x′)〉 = 1
2b1
{
(x− x′)j(x− x′)k
(x− x′)2[(x− x′)2 + ǫ2]
+
(
δjk − 3(x− x
′)j(x− x′)k
(x− x′)2
)
1− h(x− x′)
(x− x′)2
}
,
〈∂jφ(x)∂jφ(x′)〉 = 1
2b1
1
(x− x′)2 + ǫ2 ,
〈 |∂2φ(x)φ(x′)〉 = − 1
2b1
1
(x− x′)2 + ǫ2 ,
〈 |∂2φ(x)∂jφ(x′)〉 = 〈χ(x)∂jχ(x′)〉 = − 1
b1
(x− x′)j
[(x− x′)2 + ǫ2]2 ,
〈Pχ(x)∂jφ(x′)〉 = − 1
4π2
(x − x′)j
[(x− x′)2 + ǫ2]2 ,
〈Pφ(x)∂jφ(x′)〉 = 〈Pχ(x)∂jχ(x′)〉 = −i 2
π2
ǫ(x− x′)j
[(x− x′)2 + ǫ2]3 ,
〈χ(x) |∂2χ(x′)〉 = − 1
b1
(x− x′)2 − 3ǫ2
[(x − x′)2 + ǫ2]3 ,
〈∂jχ(x)∂kχ(x′)〉 = − 1
b1
δjk[(x− x′)2 + ǫ2]− 4(x− x′)j(x− x′)k
[(x− x′)2 + ǫ2]3 ,
〈Pχ(x) |∂2φ(x′)〉 = − 1
4π2
(x − x′)2 − 3ǫ2
[(x− x′)2 + ǫ2]3 ,
〈Pφ(x) |∂2φ(x′)〉 = 〈Pχ(x) |∂2χ(x′)〉 = −i 6
π2
ǫ[(x− x′)2 − ǫ2]
[(x− x′)2 + ǫ2]4 ,
〈Pφ(x)∂jχ(x′)〉 = − 1
π2
(x− x′)j [(x− x′)2 − 5ǫ2]
[(x− x′)2 + ǫ2]4 ,
〈∂jχ(x) |∂2χ(x′)〉 = 4
b1
(x− x′)j [(x− x′)2 − 5ǫ2]
[(x − x′)2 + ǫ2]4 . (C.2)
Besides, the spatial derivatives of 〈φ(x)χ(x′)〉 and 〈Pχ(x)Pφ(x′)〉 vanish.
D Commutation Relations with Kµ
We here summarize the commutation relations between Kµ of special con-
formal transformations and various local operators in the Riegert field sector.
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The commutation relations with A and Bj are given by
[K0,A] = i
{
− (η2 + x2) ∂ηA− 2ηxk∂kA− 8ηA− 2xkBk
−2xk (:Pχ∂kχ : − :∂kPχχ :)
−2xk b1
4π2
(
: |∂2χ∂kφ : +2 :∂kχ |∂2φ : − :χ∂k |∂2φ :
)
−2 :Pχχ : − b1
2π2
:χ |∂2φ : −2Pφ − b1
2π2
|∂2χ
}
,
[Kj ,A] = i
{
− (−η2 + x2) ∂jA+ 2xjxk∂kA+ 2ηxj∂ηA
+8xjA+ 2ηBj + 2η (:Pχ∂jχ : − :∂jPχχ :)
+2η
b1
4π2
(
: |∂2χ∂jφ : +2 :∂jχ |∂2φ : − :χ∂j |∂2φ :
)
+2
(
:Pχ∂jφ : − b1
4π2
: |∂2φ∂jφ :
)
+
b1
2π2
∂j :χ
2 :
}
,
[K0,Bj ] = i
{
− (η2 + x2) ∂ηBj − 2ηxk∂kBj − 8ηBj
−2xj
(
−4π
2
b1
:P2χ : + :Pφχ :
)
− 2xk∂k :Pχ∂jφ :
+2xk
b1
2π2
(
:∂kχ∂jχ : + :∂k |∂2φ∂jφ :
)
−8
(
:Pχ∂jφ : − b1
4π2
: |∂2φ∂jφ :
)
+
b1
4π2
∂j :χ
2 :
}
,
[Kj,Bk] = i
{
− (−η2 + x2) ∂jBk + 2xjxl∂lBk + 2ηxj∂ηBk
+8xjBk − 2xkBj + 2δjkxlBl
+2η
(
∂j :Pχ∂kφ : − b1
2π2
[
:∂jχ∂kχ : + :∂j |∂2φ∂kφ :
])
+2ηδjk
(
−4π
2
b1
:P2χ : + :Pφχ :
)
+ 2δjk :Pχχ :
+
b1
2π2
(:∂jχ∂kφ : − :∂kχ∂jφ :) + 2δjkPφ
}
(D.1)
and the commutation relations with the other local operators that appear in
the generators are given by
[K0, :Pχ∂jφ :] = i
{
− (η2 + x2) ∂η :Pχ∂jφ : −2ηxk∂k :Pχ∂jφ : −6η :Pχ∂jφ :
−2xj :Pχχ : +2xk b1
2π2
:∂kχ∂jφ : +
b1
2π2
:χ∂jφ :
}
,
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[Kj , :Pχ∂kφ :] = i
{
− (−η2 + x2) ∂j :Pχ∂kφ : +2xjxl∂l :Pχ∂kφ :
+2ηxj∂η :Pχ∂kφ : +6xj :Pχ∂kφ : −2xk :Pχ∂jφ :
+2δjkx
l :Pχ∂lφ : +2η
(
δjk :Pχχ : − b1
2π2
:∂jχ∂kφ :
)
− b1
2π2
:∂jφ∂kφ : +2δjkPχ
}
,
[K0, :Pχχ :] = i
{
− (η2 + x2) ∂η :Pχχ : −2ηxk∂k :Pχχ : −6η :Pχχ :
−2xk :Pχ∂kφ : +2xk b1
4π2
∂k :χ
2 : +
b1
2π2
:χ2 : −2Pχ
}
,
[Kj, :Pχχ :] = i
{
− (−η2 + x2) ∂j :Pχχ : +2xjxk∂k :Pχχ :
+2ηxj∂η :Pχχ : +6xj :Pχχ :
+2η
(
:Pχ∂jφ : − b1
4π2
∂j :χ
2 :
)
− b1
2π2
:χ∂jφ :
}
,
[
K0, :χ
2 :
]
= i
{
− (η2 + x2) ∂η :χ2 : −2ηxk∂k :χ2 : −4η :χ2 :
−4xk :χ∂kφ : −4χ
}
,
[
Kj, :χ
2 :
]
= i
{
− (−η2 + x2) ∂j :χ2 : +2xjxk∂k :χ2 :
+2ηxj∂η :χ
2 : +4xj :χ
2 : +4η :χ∂jφ :
}
,
[
K0, :∂kφ∂
kφ :
]
= i
{
− (η2 + x2) ∂η :∂kφ∂kφ : −2ηxl∂l :∂kφ∂kφ :
−4η :∂kφ∂kφ : −4xk :χ∂kφ :
}
,
[
Kj, :∂kφ∂
kφ :
]
= i
{
− (−η2 + x2) ∂j :∂kφ∂kφ : +2xjxl∂l :∂kφ∂kφ :
+2ηxj∂η :∂kφ∂
kφ : +4xj :∂kφ∂
kφ : +4η :χ∂jφ : +4∂jφ
}
,
[K0, :χ∂jφ :] = i
{
− (η2 + x2) ∂η :χ∂jφ : −2ηxk∂k :χ∂jφ :
−4η :χ∂jφ : −2xk :∂kφ∂jφ :
}
,
[Kj , :χ∂kφ :] = i
{
− (−η2 + x2) ∂j :χ∂kφ : +2xjxl∂l :χ∂kφ :
+2ηxj∂η :χ∂kφ : +4xj :χ∂kφ : −2xk :χ∂jφ :
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+2δjkx
l :χ∂lφ : +2η
(
δjk :χ
2 : + :∂jφ∂kφ :
)
+ 2δjkχ
}
.(D.2)
Here, all quantum correction terms disappear.
E Stress Tensors of Traceless Tensor Fields
The square of the Weyl tensor is defined by
C2µνλσ = R
2
µνλσ − 2R2µν +
1
3
R2. (E.1)
Since the Weyl action is conformally invariant, there is no dependence on
the conformal factor of the metric field, or the Riegert field. Therefore, we here
use the metric field without the conformal factor defined by
g¯µν = (e
h)µν = ηµν + hµν +
1
2
hµλh
λ
ν + · · · . (E.2)
We also disregard the coupling constant t for simplicity.
The stress tensor of the traceless tensor field derived from the Weyl action
is given by the Bach tensor,
T¯µν = 4∇¯2R¯µν − 4
3
∇¯µ∇¯νR¯+ 8R¯λσR¯µλνσ − 8
3
R¯R¯µν
−g¯µν
(
2
3
∇¯2R¯+ 2R¯λσR¯λσ − 2
3
R¯2
)
, (E.3)
where the curvatures with the bar on them are defined in terms of g¯µν . It is
expanded in the field as
T¯µν = T¯
(1)
µν + T¯
(2)
µν + · · · . (E.4)
The linear term is given by
T¯ (1)µν = −2∂4hµν + 4∂2∂(µχν) −
4
3
∂µ∂ν∂λχ
λ − 2
3
ηµν∂
2∂λχ
λ, (E.5)
where χν = ∂λh
λ
ν . The equations of motion are represented by T¯
(1)
µν = 0.
The generator of conformal symmetry defined by (2.7) is derived from the
bilinear term. We here consider the following combination of the stress tensor:
Tµν = T¯
(2)
µν − hλ(µT¯ (1)ν)λ, (E.6)
which is equivalent to T¯
(2)
µν up to the equations of motion. The indices are
then contracted by the flat background metric so that the trace g¯µν T¯µν can be
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expressed as ηµνTµν . It is given by
Tµν = −6∂2hλσ∂λ∂(µhσν) + 4∂ρ∂λhσ(µ∂ν)∂ρhλσ + 4∂2hλσ∂λ∂σhµν
−4
3
∂ρ∂µhλσ∂
ρ∂νh
λσ − 4∂ρ∂λhσµ∂ρ∂σhλν − 4∂2hλ(µ∂λχν)
−2
3
∂µχ
λ∂νχλ + 2∂(µχ
λ∂2hν)λ + 2∂
λχµ∂λχν − 8
3
∂µ∂νhλσ∂
λχσ
+4∂λχσ∂
σ∂(µh
λ
ν) + 2∂
2hλσ∂µ∂νh
λσ − 8
3
∂λχ
λ∂(µχν) +
4
3
∂λχ
λ∂2hµν
−2∂(µhλν)∂2χλ − 2χλ∂2∂(µhλν) − 4∂ρhλσ∂ρ∂λ∂(µhσν) + 6∂2∂λhσ(µ∂ν)hλσ
+2∂λhσ(µ∂
2∂ν)h
λσ + 2∂λhµν∂
2χλ + 4χλ∂
2∂λhµν + 4∂ρhλσ∂
ρ∂λ∂σhµν
−2∂(µhλσ∂2∂ν)hλσ − 8∂σhλ(µ∂2∂λhσν) − 4χλ∂λ∂(µχν) − 4∂λ∂σχ(µ∂ν)hλσ
−4
3
∂(µh
λσ∂ν)∂λχσ + 4∂λhσ(µ∂ν)∂
σχλ +
4
3
χλ∂µ∂νχ
λ
+
2
3
∂ρhλσ∂µ∂ν∂
ρhλσ +
4
3
∂(µh
λ
ν)∂λ∂σχ
σ − 2
3
∂λhµν∂λ∂σχ
σ
−2hλσ∂2∂λ∂(µhσν) + 4hλσ∂2∂λ∂σhµν − 4hλσ∂λ∂σ∂(µχν)
+
4
3
hλσ∂µ∂ν∂
λχσ − 2hλ(µ∂2∂λχν) +
4
3
hλ(µ∂ν)∂
λ∂σχ
σ
−ηµν
(
1
3
∂λχσ∂
λχσ − 8
3
∂2hλσ∂
λχσ − 1
3
∂κ∂ρhλσ∂
κ∂ρhλσ + ∂λχσ∂
σχλ
+
1
2
∂2hλσ∂
2hλσ − 2
3
∂λχ
λ∂σχ
σ − 2
3
χλ∂
2χλ − 4
3
∂ρhλσ∂
ρ∂λχσ
−1
3
∂ρhλσ∂
2∂ρhλσ − 2
3
χλ∂λ∂σχ
σ − 2
3
hλσ∂
2∂λχσ − 2
3
hλσ∂
λ∂σ∂ρχ
ρ
)
.
(E.7)
Here, the time-derivatives of various field variables in the radiation gauge
are expressed as ∂ηh
ij = uij , ∂2ηh
ij = −Piju , ∂3ηhij = Pijh + 2 |∂2uij and ∂4ηhij =
−2 |∂2Pij
u
− |∂4hij for the transverse traceless tensor mode and ∂ηhj = |∂−2Pj/2,
∂2ηh
j = |∂2hj , ∂3ηhj = Pj/2 and ∂4ηhj = |∂4hj for the transverse vector mode.
Using these equations, we write down the stress tensor in terms of six
canonical variables as follows. The time-time components denoted by T00 =
T
(t)
00 + T
(v)
00 + T
(c)
00 are given by
T
(t)
00 = −
1
2
P
ij
u
P
u
ij + P
ij
h
uij − Piju |∂2hij − ∂kPiju ∂khij +
1
3
u
ij |∂2uij
−2
3
∂kuij∂kuij +
1
2
|∂2hij |∂2hij − 1
3
∂k∂lhij∂k∂lhij − 1
3
∂khij∂k |∂2hij ,
T
(v)
00 = −
1
3
P
k |∂−2Pk − 7
12
|∂−2∂kPl |∂−2∂kPl + 1
4
|∂−2∂kPl |∂−2∂lPk
−5
3
|∂2hk |∂2hk + 2
3
∂m∂lhk∂m∂lhk +
4
3
∂lhk∂l |∂2hk + 4
3
h
k |∂4hk
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−4∂m∂lhk∂m∂khl − 4∂lhk∂k |∂2hl,
T
(c)
00 = −Piju |∂−2∂iPj − 2Pijh ∂ihj −
2
3
h
ij∂iPj − 5
3
|∂2hij |∂−2∂iPj
−4
3
∂khij |∂−2∂k∂iPj − 2 |∂2uij∂ihj + 4uij∂i |∂2hj + 4∂kuij∂k∂ihj
(E.8)
and the (0j) components denoted by T0j = T
(t)
0j + T
(v)
0j + T
(c)
0j are given by
T
(t)
0j = P
kl
h ∂jhkl − Pklh ∂khlj + ∂kPlhjhkl +
2
3
P
kl
u ∂jukl −
1
3
∂jP
kl
u ukl
−Pklu ∂kulj + ∂kPlujukl + 2∂jukl |∂2hkl −
4
3
∂mukl∂j∂mhkl
−ukl∂j |∂2hkl + |∂2ukl∂jhkl + 2
3
∂j∂
m
u
kl∂mhkl − 3∂kulj |∂2hkl
−2∂m∂kulj∂mhkl + |∂2∂kuljhkl + 2∂mukl∂m∂khlj + 3ukl∂k |∂2hlj
− |∂2ukl∂khlj ,
T
(v)
0j = −
1
3
P
k∂jhk +
2
3
∂jP
k
hk − 2 |∂−2∂jPk |∂2hk + 1
3
|∂−2∂lPk∂j∂lhk
+
1
3
|∂−2∂j∂lPk∂lhk + Pk∂khj + |∂−2∂lPk∂l∂khj − 2∂kPjhk
−3 |∂−2∂l∂kPj∂lhk − |∂−2∂lPk∂j∂khl − |∂−2∂j∂lPk∂khl,
T
(c)
0j = 4P
kl
u
∂k∂lhj − 3Pkuj |∂2hk − 2∂kPluj∂khl + |∂2Pkujhk − 4∂kPluj∂lhk
+∂jP
kl
u ∂khl − 3Pklu ∂j∂khl − |∂2ukj |∂−2Pk − ∂kulj |∂−2∂kPl
+∂kulj |∂−2∂lPk +
1
3
∂ju
kl |∂−2∂kPl + 4
3
u
kl |∂−2∂j∂kPl − ukl |∂−2∂k∂lPj
− |∂2hkj |∂2hk + |∂4hkjhk − 3 |∂2hkl∂j∂khl + 2∂j∂mhkl∂m∂khl
+∂j |∂2hkl∂khl − 2∂mhkl∂j∂m∂khl + 2
3
∂jh
kl∂k |∂2hl − 4
3
h
kl∂j∂k |∂2hl
+4 |∂2hkl∂k∂lhj + 4∂mhkl∂m∂k∂lhj + 2hkl∂k∂l |∂2hj − 4∂m∂khlj∂m∂lhk
−4 |∂2∂khlj∂lhk − 2∂khlj∂l |∂2hk. (E.9)
F Conformal Algebra for Scalar Fields
As a simple exercise, we here present computations of conformal algebra for
the case of real scalar field conformally coupled to gravity. The action is given
by
I = −1
2
∫
d4x
√
−gˆ
(
gˆµν∂µX∂νX +
1
6
RˆX2
)
, (F.1)
where gˆµν is the background metric taken to be flat. The canonical commutation
relation is defined by [X(η,x),PX(η,x
′)] = iδ3(x−x′), where PX = ∂ηX is the
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conjugate momentum. The annihilation part of X is expanded as
X<(x) =
∫
d3k
(2π)3/2
1√
2ω
ϕ(k)eikµx
µ
(F.2)
with the commutation relation [ϕ(k), ϕ†(k′)] = δ3(k− k′).
The stress tensor is given by
Tµν =
2
3
∂µX∂νX − 1
3
X∂µ∂νX − 1
6
ηµν∂
λX∂λX. (F.3)
The (00) and (0j) components are given by T00 = P
2
X/2−X |∂2X/3+∂iX∂iX/6
and T0j = 2PX∂jX/3−X∂jPX/3, respectively.
The generators of conformal symmetry are expressed as follows:
P0 = H =
∫
d3xA, Pj =
∫
d3xBj ,
M0j =
∫
d3x (−ηBj − xjA) , Mij =
∫
d3x (xiBj − xjBi) ,
D =
∫
d3x
(
ηA+ xkBk+ :PXX :
)
,
K0 =
∫
d3x
{(
η2 + x2
)A+ 2ηxkBk + 2η :PXX : +1
2
:X2 :
}
,
Kj =
∫
d3x
{(−η2 + x2)Bj − 2xjxkBk − 2ηxjA− 2xj :PXX :} ,(F.4)
where
A = 1
2
:P2X : −
1
2
:X |∂2X :, Bj =:PX∂jX : . (F.5)
The singular parts of OPEs for canonical field variables are computed at the
equal time as
〈X(x)X(x′)〉 = 1
4π2
1
(x− x′)2 + ǫ2 ,
〈X(x)PX(x′)〉 = i 1
2π2
ǫ
[(x− x′)2 + ǫ2]2 ,
〈PX(x)PX(x′)〉 = − 1
2π2
(x− x′)2 − 3ǫ2
[(x− x′)2 + ǫ2]3 . (F.6)
Using these expressions, the equal-time commutation relations between various
local operators are computed as
[A(x),A(y)] = 1
2
i |∂2xδ3(x− y) (:PX(x)X(y) : − :X(x)PX(y) :) ,
[Bj(x),Bk(y)] = i∂xkδ3(x− y) :∂jX(x)PX(y) : +i∂xj δ3(x− y) :PX(x)∂kX(y) :,
[A(x),Bj(y)] = i∂xj δ3(x− y) :PX(x)PX (y) : −
1
2
iδ3(x− y) : |∂2X∂jX(y) :
−1
2
i |∂2xδ3(x − y) :X(x)∂jX(y) : −i
2
π2
fj(x − y) (F.7)
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and
[A(x), : PXX(y) :] = −iδ3(x− x)
(
:P2X(y) : +
1
2
:X |∂2X(y) :
)
−1
2
i |∂2xδ3(x− y) :X(x)X(y) : +i
10
π2
f(x− y),
[Bj(x), :PXX(y) :] = −iδ3(x− x)Bj(y) + i∂xj δ(x− y) :PX(x)X(y) : .
(F.8)
Here, the quantum correction functions fj and f are defined by (5.5) and (5.6),
respectively. Using these commutation relations, we find that all quantum cor-
rections disappear and the conformal algebra is closed.
Next, we consider the transformation property of the composite operator
:Xn :. The commutators between this operator and above operators are given
by
[A(x), :Xn(y) :] = −iδ3(x− y)∂η :Xn(y) :,
[Bj(x), :Xn(y) :] = −iδ3(x− y)∂j :Xn(y) :
+i
1
2π2
n(n− 1)gj(x− y) :Xn−2(y) :,
[:PXX(x) :, :X
n(y) :] = −inδ3(x− y) :Xn(y) :
+i
3
2π2
n(n− 1)g(x− y) :Xn−2(y) :, (F.9)
where the functions gj and g are defined by (5.16) and (5.18), respectively. The
transformation laws of the composite operator :Xn : are then given by
i [Pµ, :X
n(x) :] = ∂µ :X
n(x) :,
i [Mµν , :X
n(x) :] = (xµ∂ν − xν∂µ) :Xn(x) :,
i [D, :Xn(x) :] = (xµ∂µ + n) :X
n(x) :,
i [Kµ, :X
n(x) :] =
(
x2∂µ − 2xµxν∂ν − 2xµn
)
:Xn(x) : . (F.10)
Here, all quantum correction terms cancel out and thus :Xn : transforms as a
conformal field with dimension n.
From (F.10), we find that
∫
d4x : X4(x) : and
∫
d4xVβ(x) : X
2(x) : with
hβ = 2, for instance, become diffeomorphism invariant.
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